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Abstract-we are concerned with the accurate implicit approximation of compressible flows in a 
fixed and moving mesh context, such as piston engine flows. Geometries are commonly complex and 
flows compressible. Therefore, it is convenient to develop the numerical approach in the context of 
a spacetime finite-volume formulation for unstructured meshes. The hyperbolic flux is obtained by 
a generalized Riemann solver taking into account the mesh motion. Using the linearity preservation 
property we propose ;a new class of stable implicit schemes developing low numerical viscosity. These 
schemes can be viewed as a correction of the usual MUSCL flux, induced by the time derivative and 
mesh motion. Accurate numerical results are obtained for transonic (shock tube) as well as low Mach 
number flows (diesel engine). It is numerically proved, that for large time steps, those approximations 
can be as accurate as some explicit schemes. The proposed schemes, due the compactness of the 
stencils, are well adapted for parallelization strategy. @ 2000 Elsevier Science Ltd. All rights 
reserved. 
Keywords- Unst,rutured mesh, Riemann solvers, Moving boundary, Linearity preserving, Piston 
engine flows. 
1. INTRODUCTION 
Interactions of boundaries (usually structures) and fluids are common in most engineering envi- 
ronments. These interactions give rise to physical phenomena taking part in the flow behaviour, 
for example: turbulent mixing, spray dispersion, and characteristics of the combustion process 
in a piston engine [l-3]. For the numerical approach, we consider a simplified model for the flow 
and use staggered schemes to dissociate the flow approximation from the instantaneous boundary 
interactions. In order to compute numerically such a flow, several popular discretization methods 
have been developed, atmong which we note the Arbitrary Lagrangian-Eulerian (ALE) formula- 
tion [4] and the space-time finite-volume formulation [5]. The geometries of piston engines are 
complex. Unstructured1 grids have the ability to mesh complex geometries in a simple way [6,7]. 
Taking into account the previous considerations, we now turn our attention to the accuracy of 
finite volume approximations for unstructured meshes, particularly the Godunov type methods 
using the vertex-center representation [8] of the discrete solution. 
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Now, let us consider a hyperbolic system of conservation laws given by the equation 
2 + div (F(w)) = 0, where (Z,t) E E, w E Iwp, (1) 
with an initial condition. The Euler equations for compressible flows are an example of such 
a system. Many authors have been interested to the resolution of this system for fixed and 
moving boundary problems, among which are included the classical MUSCL approach [9]. When 
the reconstruction is exact for linear functions, the MUSCL approach leads to space linearity 
preserving (LP) schemes in the context of fixed meshes [lo]. This property is known to be crucial 
for the local consistency and high accuracy of the numerical approximations [6,10]. Recently, 
a similar property has been introduced in the construction of multidimensional schemes using 
the fluctuation splitting approach [ll]. For most of these schemes, either the time derivative is 
supposed to be exactly approximated, or stationary problems are considered for the numerical 
test cases [12]. When we use moving meshes or for time dependent problems, it is important, 
for accuracy, to introduce the LP property in the construction of numerical schemes. It will be 
achieved by a correction of the second-order accurate flux obtain by a MUSCL scheme. This 
correction can also be viewed as a manner to take into account the fact that, for large time steps 
(implicit schemes), the characteristic curves are no longer straight lines. 
The aim of this paper is to propose a realizable extension of the linearity preservation prop- 
erty for time dependent and moving mesh problems, to characterize the stability domain of the 
obtained numerical schemes and to numerically compare their accuracy with some usual explicit 
and implicit schemes. The numerical approximations are developed using the finite volume ap- 
proach and the mesh motion is taken into account in a formulation ensuring the Geometrical 
Conservation Law (GCL) [13]. W e f ormally define the notion of space-time linearity preserving 
schemes and then propose a practical class of numerical schemes called “linearity preserving type 
schemes” which are space-time LP when the time step of the discretisation tends to zero. An 
L2-stability analysis is performed on the linear model equation and unconditionally stable linear 
preserving type schemes are characterized. The accuracy of the proposed schemes are numerically 
proved by a comparison with the usual linearized implicit scheme. Three test cases of compress- 
ible Euler flows are used to support of the numerical investigations. The first one is the usual 
Sod shock tube (fixed mesh). The second test is the flow behavior in a moving box and in this 
case an analytical solution is computed. The third application is the 2D flow evolution during 
the compression phase of a diesel piston engine. 
1.1. Space-Time Discretisation 
We consider a space-time domain & c Rd x R+ and a mesh of elements r ((d + l)-simplexes) 
defining the discrete space domain (denoted D(t)) f or a given time t. Let us consider a decom- 
position Ci(t) (i = 1, . . . , ns), of the domain V into nonintersecting cells such that 
E = 6 V(t), 5 &(t) = V(t), and ti fl tj = 0, if i # j. 
t=o i=l 
We denote V(i) the set of the neighboring vertices and I(i) the set of the neighboring elements 
of the cell Ci. The boundary ifI& is decomposed as 
Xi(t) = dCi,r U lKij(t). 
jaqi) 
Then we denote 
p+1 
Sij = U BC,j(t) 
t=t” 
and 
pi-1 
Qi = u c,(t), 
t=tn 
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where &j(t) is the interface between the cells Ci(t) and Cj(t), X!i,r is the interface between 
the cells Ci(t) and the boundary of the domain, Qi the space-time volume and Sij the space- 
time interface. The finite volume formulation for the cell Ci, when insuring the Geometrical 
Conservation Law (GCL), writes as follows [14,15]: 
w i n+l --w: + c an+l RtIl~ntlJ13(~~~+1(Wl),Wi,Wj) =O 
jEV(i) 2 
and 
The vector G,j(w) of geometrical parameters is defined, for a time step, as follows: 
where wi is the mean value of w over the cell Ci, al its volume at the time t*, and II the mesh 
velocity at a given point. Let us denote s = (t - P)/AY. Then the parameters qT;;‘n+l and 
"ij n*n+l can be written as 
ii(s) & ds and n,n+l aij = Z(s) . G(s) 4 ds. (5) 
The construction of the mean geometrical parameters (fij and Uij) over the interface S, is of great 
importance in the local conservativity and global consistency of the numerical approximation. 
The numerical scheme (equation (2)) is also defined by the function @, which is a conservative 
Godunov-type approximation of the convective flux over a space-time approximated interface. 
These interfaces are defined by a constant mean normal qij and the mean velocity oij. Using a 
1D Roe’s flux, extensions to 2D and 3D cases are achieved by the flux decomposition according 
to the normal direction (f&j = qij/]]<ij]]) and with the slope aij. The flux is then defined as 
follows [16] : 
where 3i = 3(wi) and A($j) = 053. ?iij. 
This approximation has been successfully applied for piston engine problems [5,14] and fluid- 
structure interactions [17-191. However, when simulations were performed with a large time step, 
the behavior of the solution was widely affected by the numerical viscosity. In the next section, 
we propose an approach to define numerical approximations with low numerical viscosity, even if 
a large time step is used. 
2. LINEARITY PRESERVING TYPE 
SCHEMES FOR UNSTRUCTURED MESHES 
When performing a finite volume Godunov approach on fixed cells, the formally second-order 
spatial accuracy is achieved with the so-called MUSCL approach [9,20]. In this case, a piecewise 
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linear reconstruction is defined with the mean values (WY). A mean gradient VW]: is computed 
with a quadrature formula and then the reconstruction is defined by wn(5$ = w~+(Z--X~).VW(~ 
on any cell Ci. In the sequel, we will suppose (without loss of generality) that the interfaces 6Y+ 
are d-simplexes (segments [J, J + l] in 2D and triangles (I=) in 3D) and we will denote 5~ 
their center of gravity. The following interpolations are defined: 
n 
wi+ = WY +(Zij -ZE)'VWj% and wp = w; + (CT& - x7) . VW& 
A second-order accurate flux is obtained when left and right states of the Riemann problem are 
taken as WY+ and wj”-, Using the semidiscrete equation and a consistent interpolation for VW, 
it has been proved (see [lo]) that, for nonmoving meshes (& = &(wr) = (?j+~,O,o)~), the 
flux a~(&, wr+, WY-) leads to a linearity preserving approximation according to the following 
definition. 
DEFINITION 1. A numerical scheme is space linearity preserving (LP) if, when a linear system 
of conservation laws is considered, the approximate flux is exact for space linear solutions. 
Unfortunately, the LP property is no longer satisfied for the flux a~(&, w:+, WY-) in the 
context of moving meshes. Moreover, this property is generally achieved when the time derivative 
is supposed to be exact or vanishing [ll]. The purpose here is to define a realizable extension 
of the linearity preservation property to the approximation of time dependent and moving mesh 
problems. Let us consider a space-time linear solution ~(2, s) = wt +Z,-. V,-w + (t - tn)&w where 
V,-w and &w are constant. 
DEFINITION 2. A numerical sclreme is space-time linearity preserving if, when a linear system of 
conservation laws is considered, the approximate flux is exact for space-time linear solutions. 
Let us consider the following linear system of conservation law: $$! + Aia,w + sa,w = 0, 
hyperbolic, where A and 8 are components of the Jacobian matrix of the flux. For a space-time 
linear solution, the exact flux over the interface Si, is computed as follows: 
I’ 1,. ( c3 s) A(qs))w(~(s), s) d<ds = I’ s,, JJ 3 ( ) A(+)) (w,” + VW . (G - C)) dEds 
1 
+A? JJ 
1 
d(sZ(s))&w d<ds + 
0 aci, (s) JJ 
(7) 
wi (6(s)) (VW . (Z(s) - p)) dJ ds 
0 aC,j(S) 
with A(G(s)) = n,(s)A + n,(s)B. The first term in the right-hand side of equation (7) is the 
usual flux computed by the MUSCL schemes. The second and the last terms are, respectively, 
the time derivative and the mesh motion contributions of the flux. These corrections of the 
classical MUSCL flux are unavoidable to achieve the space-time linearity preservation property 
in the context of time dependent and moving mesh problems. We now propose, for nonlinear 
equations, a linearity preserving type flux taking into account corrections induced by the time 
derivative and the mesh motion contributions. Let us denote this flux by G$‘. The proposed 
flux is then defined by 
where z2n’i (~7) = (A~t/~a+l)il~~~n.‘li~~~+l(w~), d is the spatial dimension, xk the coor- 
dinates components, & and ,@ are the components of pi,, ag and a:; are the components 
Of Gij, 
{6.3(u) + ,!?+. F(v) - a(u + v) - Iii (6, u, TJ) - aldl (u - u)} 
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and 
For the time marching procedure and supposing a space-linear solution at the time t”, a con- 
sistent interpolation can be performed to compute exactly i&wlt-. But, on the other hand, it is 
not possible to compute exactly the time derivative, even for time linear solutions. However, we 
formally assume in the first part of this section that we can compute exactly the time derivative 
for time linear solutions. The numerical flux is define by the geometrical parameter I?~““(w~) 
and the “LP geometrical parameters” Pij and &j. The geometrical parameter ~~““(w~) is 
computed according to the definition of the previous section and ensure the Geometrical Conser- 
vation Law. The other parameters are now defined in order to obtain a numerical approximation 
of the flux satisfying the linearity preservation property. 
PROPOSITION 1. Let us define the “I2 geometrical parameters” by 
and suppose that the spatial reconstruction of w is exact for space-linear solutions. Then the 
following numerical scheme: 
,v+:t 
z - wI + C +kp (~5”+‘(W1),~v,~ij,a,W) = 0 (11) 
jEV(i) 
is space-time linearity preserving. 
PROOF. In the case of linear solutions and consistent interpolation, Vsw(i = VzwJj, therefore, 
WY+ = wj”- = WY + V,-w * (5Jij - &). Thus, the numerical viscosity of the flux Cp vanishes and, 
for linear systems of conservation laws (A constant), we obtain 
@ 
( OijWi + 
12 ( A. (f&j) - aijld) (w: + 05~ . (Zij - Zi))} . 
Using the definition of the geometrical parameters and the property of the center of gravity Zij, 
we can rewrite the previous expression in the following form: 
+&ii) -Z.n’ld 
.:+I 
(w; + Vaw. (cj - e)) dJdt 
1 
t-+1 
=an+l J J Z.iiw;d[dt * tn acij (t) 
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We have supposed formally that the time derivative (8,~) in the flux definition is exact. Then 
the “LP geometrical parameters” a& and &, defined in the proposition, lead to the following 
expression of the flux correction 4: 
4 (a:j,&j3tw,a,w) = -$- (ii (/?fj) -a&Id) &w 
z 
=---&~,~’ Jac,j(t)(A(s)-a.lild)((t-t”)8w)d~dt. 
According to the definition of the “LP parameters” c&(‘-) and $f), we also obtain, for linear 
system of conservation laws 
k=l 
= -A- rn+l J,,,,, pm - a;+’ tn 
2. n’ld ) (V,-w . (Z(& t) - F)) &dt. 
Then the following equality holds: 
n+l 
c 
@LP = 
al - ai 1 
tn+’ 
23 
jGV(i) 
a?+l 
w; + - 
z 
a?+l 
2 J J. t’b 
bc- (t) (3(w) - Zw) * n’4 dt 
1 
t-+1 
+- S J a:+’ tn 3(w). iidc$dt m(t) 
1 
t-+1 = -w;+- a?+l wd5T-k z (/ Ci(V”l) J J &f! drc’dt t” c<(t) ait ) 
1 
p+1 
+- J J a;+’ tn 3(w) . ii d< dt a(t) 
1 = -w;+- 
a?+l J w dZ z Ci(tn+‘) 
This proves that wr+’ is the projection, in the basis of piecewise constant functions, of the exact 
linear solution. I 
To obtain the previous proposition, we have assumed the construction of the time derivative at 
the time tn to be exact for space linear solutions. If we suppose that numerical approximations 
at the time tn and tn-’ are the exact projection of a space-time linear solution, then defining 
A”t&wl; 21 wr -WI-’ is an exact interpolation. This ideal situation cannot be guaranteed by 
a time marching procedure. The problem is that at the first time step (n = 0), the possible 
interpolation is Ant&w/~+’ N wr+’ - wr but the value WY+’ is not yet computed and we cannot 
ensure that the scheme is really space-time linearity preserving. However, if we assume the 
convergence of numerical scheme, then WY+’ -wF and WY -WY-’ are consistent approximations of 
AYdtwl;+‘, even if they are not exact for time linear solutions. According to these investigations, 
we now propose an effective scheme using the following approximation: 
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This approximation is a combination of the forward and the backward interpolations of the time 
derivative at the time tn. 
DEFINITION 3. Linearitiy preserving type schemes are numerical schemes defined by Proposi- 
tion 1, and using the previous approximation. 
The update of WY+’ will be achieved by the resolution of a nonlinear system defined by equa- 
tions (11) and (12). In order to satisfy the total variation decreasing (TVD) property or at least 
the local extremum diminishing (LED) property, limitation procedures are applied when com- 
puting the numerical fluxes Cp, C/J, and 7-&j. According to these considerations, in most cases, we 
cannot compute simply the Jacobian of the nonlinear system. Generally, this system is solved by 
Newton relaxations using an approximate Jacobian: for example, the Jacobian associated to the 
first-order flux approximation. For 13 = 2 the implicit part of an LP type scheme (equation (12)) 
is exactly the implicit part of the linearized implicit scheme. 
Assuming that the property of preserving polynomial solutions is a way to obtain more accurate 
schemes, we now turn our attention to the property of time polynomial solution preservation. Let 
us formally define a numerical flux based on the property of time polynomial solution preservation 
when the solution is time polynomial of degree m: 
Then we use the following time derivative approximation: (At)Pd,Pwli N wP+~ -t- ~~~~ +$w~-le, 
and therefore, 
(Wp) ,zi,, &j) = CI, (Rij (Wp) 
k=l 
In the particular case of fixed meshes, the “LP geometrical parameters” are given by 
(15) 
Thus, the implicit part of the flux @zmp may be expressed as 
We can see that Ztn) is exactly the implicit part of the linearity preserving type scheme defined 
by equation (12) for 0 := em. The set of (0,) for m 2 1 is a subset of the interval [l, O,[ where 
em = lim 8, 
WL---rW 
= 2(e - 2) N 1.4365. 
Then we can conclude that LP type schemes for 8 = &,, have an implicit part that correspond 
to an arbitrary time accurate approximation. We will see in the stability analysis that there is a 
particular behavior of LP type schemes around this value. 
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2.1. LP Parameters for Straight Line Displacements 
For the implementation of linearity preserving schemes, we have to compute the geometrical 
parameters and the “LP parameters”. The geometrical parameters are computed in [16] for 
straight line displacements and polynomial trajectories (2D and 3D). For fixed meshes, the “LP 
parameters” are easy to compute (see equation (15)). Now, let us consider the case of a straight 
line displacement of the mesh points and use linear interpolation, on (d + 1)-simplexes, to define 
the motion of other points of the domain. Let us denote by z(s) a mesh point and by & the 
barycentric coordinates of a given point z(s) living in a (d + 1)-simplex. The linear interpolation 
of the position in a (d -t 1)-simplex is written as 
d+l 
Z(S) = C ‘Ck&, (S), with z(s) = (1 - S)X? + sz?+l = X? + (t - tn)&, 
k=l 
where z,(s) are points defining the simplex containing z(s) and & = (~7~’ - zZ)/AY We 
suppose that the mesh motion conforms in the following sense: mesh points motion preserve the 
orientation of the mesh elements. Then we can compute exactly the LP parameters defined by 
Proposition 1. We have supposed that the interface dCij is a d-simplex, therefore, the following 
expressions of&:’ are obtained: 
for 2D, 
06) 
for 3D. 
R ?r,z istherotationoperatorwiththeangle7r/2and$(zi?,$ = (~/~)(~IA~~+~~‘JA~K+~KA~~). 
This defines an outward normal and, in practice, we will take into account the orientation of the 
considered d-simplex. Using the fact that the center of gravity is a Gauss point approximation, 
exact for a linearly varying quantity within d-simplex, it follows immediately that &’ and &T 
are given by 
,!4) = p --23 . izGij and --z3 2: = &;’ @ &, . (17) 
Let us define, for the 2D an 3D cases, eij (s) as the measure of Xi,(s). 
For the 2D cases, we have 
s (!X.(E) @ Z(t)) n-(s) dt ds 
= J)j(4 1’ s ((SJ + Cl- C&+1) @ (@.I + (1 - ~EJ,,)) G(s) 4 ds 
and therefore, we obtain the following relation: 
For the 3D cases, we denote & = 1 - (1 - & and we have 
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Unit Circle - 
Usual Implicit :: - 
i Linearity Preserving:: Theta=1 .O .a.. 
: Linearity Preserving:: Theta=l.2 ..“.” 
‘+LlnearHy Preserving:: Theta45 -.- 
/ Linearity Preserving:: Theta&O -‘- 
(4 
Amplification factor for the full implicit flux O(2):: Sigma&l 
Unit Circle . 
Usual Implicit :: . 
i Llnaarlty Preserving:: Theted .O . 
: Linearity Preserving:: lhetael.2 
1.5fLinearity Preserving:: Theta-l .5 . 
/ Llnearlty Preserving:: Theb2.0 . 
(b) 
Figure 1. Polar representation of the amplification factor g(a) of the LP type schemes 
using a second-order flux Jacobian and for different values of 8. Comparison with 
the usual implicit scheme with a second-order flux Jacobian. Top picture for CFL = 
(T = 5 and bottom picture for CFL = (T = 50. 
and therefore, we obtain the following relation: 
CJ?) = 2~~~~~+2~~~~,+2~,~~,+~:,~~~+~,~~~ “3 +~iJ~~~+~J~~~+~~~3~+~K~~-J /$. (19) 
All parameters of the linearity preserving type schemes are now defined. The obtained expressions 
are functions of the mesh points positions, and therefore, are easy to implement in a CFD 
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AmpfMkation factor for the linearized imolicit flux OfZ):: Sigma-5 
Un% Circle 
Usual implicit :: 
j Linearity Preserving:: Theta=1 .O 
: Linearity Preserving:: Theta=12 
1.5i Linearity Preserving:: Theta4 5 
i Linearity Preserving:: Theta=2.0 
(4 
Unit Circle - 
Usual Implicit :: 
I Linearity Preserving:: meta4 .O 
-___. 
. . . . . 
/ Linearity Preserving:: mad.2 _.“...I 
’ .5t Linearity Preserving:: m.sts=i .5 -.-.m 
*....’ +“;‘Linearj!y Preserving:: Thetaz2.0 _._._ 
_..... ***.. ._ 
(b) 
Figure 2. Polar representation of the amplification factor B(cu) of the LP type schemes 
using first-order flux Jacobian and for different values of 0. Comparison with the 
usual implicit scheme with a second-order flux Jacobian. Top picture for CFL = c = 
5 and bottom picture for CFL = 0 = 50. 
code. Before performing these approaches on numerical tests cases, let us study the L2-stability 
property. 
3. L2-STABILITY OF LINEARITY 
PRESERVING TYPE SCHEMES 
We now perform a stability analysis of the proposed linear preserving schemes by considering 
a linear equation, a regular 1D mesh and periodic limit conditions: 
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I / 
0.5 
(b) 
0.0 
X 
(4 
Figure 3. Shock tube: density, velocity, pressure, and math number curves on the 
line v = 0.5 at the time t = 0.16. Second-order space accurate explicit solution with 
CFL = 0.9 (dt 2: 0.0014, MinMod limitation) and implicit solutions with CFL N 10, 
(fixed time step dt N 0.02, MinMod limitation). 
In this case, the linearity preserving type schemes is written as 
w;+’ - wp + u (@fP - @yl) = 0 and o=gJ>o. (20) 
After Fourier transforming, this equation (20) becomes 
hl (a, 8, u)o+l + h(J(a, 8, a)O” + h-l(cx, 8, a)lP-’ = 0, (21) 
where hl, ho, and h-1 are complex value functions. The eigenvalues of the amplification matrix 
are roots of the following polynomial, with complex variable and coefficients: 
P(z) = h1z2 f hoz + h-l. 
According to the Richtmyer-Morton and Miller theorems (see for example [21,22]), the linearity 
preserving schemes are stable under the condition 
0 < g(cl!,e,u) < 1, 
I%lh,, -&h-1( 
with da7e,a) = ,h1,2 _ ,hm1,2 ’ (22) 
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0.0 L 
-0.5 0.0 
x 
Mach Number 
Cc) (4 
Figure 4. Shock tube: density, velocity, pressure, and math number curves on the 
line y = 0.5 at the time t = 0.16. Second-order space accurate explicit solution with 
CFL = 0.9 (dt N 0.0014, super bee limitation) and implicit solutions with CFL z 10, 
(fixed time step dt N 0.02, super bee limitation). 
When the function g is positive, it is an upper bound of the spectral radius of the amplification 
matrix. For a fixed pair (0, a), let denote 3((w) = g(o, 8,g). The L2-stability is realized if j(o) 
lies in the unit circle. The behavior of the amplification factor g(o) is now analyzed when we use 
the exact Jacobian or the approximate Jacobian of the implicit part of the flux. For the cases 
considered in the sequel, it is not easy to obtain an analytical estimation of the boundness of 
g(a, 8, a). However, we will conclude on the boundness according to the behavior of the curves 
G(Q), plotted for different values of the pair (8, a) c [0.5,3] x [l, 50001. For the clarity of the 
pictures, all the curves analysis are not plotted. 
3.1. Implicit Schemes With a Second-Order Flux Jacobian 
The case considered in this section is equivalent, for nonlinear equations, to the exact inversion 
of the system defined by the LP types schemes. For linear equations this inversion is easy and 
the numerical flux writes as 
ay = $g2) (up) + ; (&p (gfl ) + (1 - 28) 4i2) (w”) + (e - I)&) (wn-l)) , 
d(l) (Q) = WY, 2 and 4:“’ (wn) = r${l’ (wn) +- i (wp+r - w~-r) . 
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Pressure 
1.0 
0.5 
x 
(b) 
Mach Number 
x 
(4 
Figure 5. Moving box: comparison of the numerical solutions and the exact solution 
on the line y = 0.5 at the time t = 0.5: dt = 0.01 and CFL N 5, super bee limitation. 
By using the Fourier transform, we can write 
6Lp = 2 + isina 
2 4 ((3 - 26)tin + eC”+’ + (0 - l)tinel) and 8$‘Tl = ewi”@“. 
Therefore, the coefficients of the characteristic polynomial of the amplification matrix are 
h~(a,B,a) =4+&(2-2coscr-sin’a) +i(3-coscr)sincr, 
hoca, 8, U) = -4 + a(3 - ae) (2 - 2 cosa - sin2 0) + ifr(3 - 28)(3 - cosa) sina, 
L~(~, 8, a) = u(e - 1) (2 - 2 cos a - sin2 CX) + ia(e - 1)(3 - cosa) sina. 
We have plotted on Figure 1 the amplification factor curves of the usual implicit scheme and 
compared it with some schemes in the class of linearity preserving type schemes. According to 
this linear analysis and the behavior of the amplification factor, obtained for different CFL values 
(all not plotted on Figure l), we can conclude that 
linearity preserving type schemes, with a second-order flux Jacobian, 
are unconditionally stable when the parameter f3 2 1. 
However, this result is obtained in the context of a linear equation and with an exact Jacobian 
matrix for the second-order space accurate flux. The extension to nonlinear systems is, unfortu- 
nately, very complex and, when it is realized, the scheme is very expensive. This is why we use, 
generally, a first-order flux Jacobian for the implicit part of the flux. 
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200.0 --_T 
150.0 
100.0 
50.0 
I -- Usual Linearized Implicit scheme 
1 
- - - Linearity Preserving scheme ( Theta = 1.25 ) 
-- Linearity Presetving scheme ( Theta = 1.50 ) 
I 
0.0 - 
-180 -135 -90 
Crank Angle (CA) 
Figure 6. Diesel piston engine: comparison of the number of relaxations required to 
converge, at each time step, the linear system to [IdI 5 10e4. 
I- .--.-,, ..I”,,--*~-.,.“..‘I.“s.‘“-- 
Figure 7. Diesel piston engine: comparison of the computational CPU time on an 
Alpha Server 1000: DEC Alpha EV5: 266MHz,(2 x 16Ko-2Mo-256Mo). 
3.2. Implicit Schemes With a First-Order Flux Jacobian 
In practice, for nonlinear equations, we use a linearized scheme with a first-order Jacobian for 
the implicit flux. If we assume the desired regularity for ~$i”‘, then 
cp (w n+l) = qbi2) (wn) + 8,q5j2’ 1 (w”+’ - w”) + . . . N c$i2) (wn) + a,&( (wn+l - w”) . (23) 
The resulted scheme can be written, in the case of a linear equation, with the flux given by 
@“P = f#Ji2’ (wy+; (&#p (w”+l ) - b#$” (wn) + (1 - O)#J,!~’ (wn) + (0 - 1)qijj2’ (w”-‘)) , (24) 
so that 
9Lp _ 2 +isina 
z - 4 ((3 - 8)zP + (e - 1)zw) + ; (tin+1 - l-i)“). 
For this linearized flux, we obtain 
h~(cu,19,0)=4+19a(2-2coscr)+i2&7sina, 
ho(a, B,a) = -4 + a(6 - 48) (1 - COSQ) + a(0 - 3) sin2a + ia (9 - 58 + (13 - 3) cosa)) sina, 
h-++ 8, a) = o(e - 1) (2 - 2 cos a - sin2 CV) + ia(e - 1) (3 - cos a) sin cy. 
Figure 2 shows how the linearization process affects the L2-st,&ility criteria of the schemes. 
According to the curves behavior on Figure 2, we can conclude that 
linearity preserving type schemes, with a first-order flux Jacobian, 
are unconditionally stable when the parameter 0 2 1.2. 
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Figure 8. Diesel piston engine: mesh evolution during the computation from 
-180 CA to -45 CA. 
In any case, the lower amplification factor is achieved for 0 N 1.5 and the unconditionally L2- 
stability breaks down for 8 < 1. If for a computation we need more stability (damping effects), 
we have to solve the nonlinearized scheme by using, for example, a defect-correction technique. 
This approach has been performed and applied in [14] for fixed and moving meshes. 
4. NUMERICAL RESULTS 
4.1. Sod Shock Tube 
The first application of the proposed numerical methods is realized in a fixed mesh context. 
The problem computed numerically is the Sod shock tube where the 2D spatial domain is a square 
box [-0.5 : 0.51 x [0, 11. For this computation we have used an unstructured mesh of 3471 vertices 
and 6736 triangles. Let us denote Nx the number of segments intersecting with the cut line 
defined by y = 0.5, here we have Nx = 115. We compare at t = 0.16 results obtained by different 
linearity preserving type (implicit) schemes and the solution of an explicit second-order accurate 
scheme (Figures 3 and 4). The explicit solution is obtained with a fixed CFL = 0.9 (dt N 0.0014) 
and the other solutions with a fixed time step dt N 0.02 (CFL N 10.). The viscosity of the LP 
type schemes grows with the parameter 8 (see equation (12)). A ccording to linear analysis, the 
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Figure 9. Diesel piston engine: math number evolution during the computation from 
- 180 CA to -45 CA. 
L2-stability limit is reached for t? 21 1, and we can observe that for 0 = 1.25 and 6’ = 1.50, although 
the scheme seems to be stable, the TVD property is transgressed (Figure 4). The results with 
0 = 1.5 (theorical optimal parameter is N 1.44), obtained after eight time iterations, is relatively 
as accurate as the explicit solution (115 iterations). As the schemes are developed for subsonic 
applications, the transgression of the TVD property is relatively controlled with the MinMod 
limitation (Figure 3). We supposed that this transgression will be neglectable in the context of 
the numerical simulation for piston engines. Results obtained with the linearized implicit scheme 
become quasi-identical with the solution of the linearity preserving type scheme when 8 = 2 
(Figure 3). 
4.2. Moving Box 
We consider the case of a square box [-1 : l] x [-1, l] containing, initially, a gas at rest 
(ps = 1.0, i;o = 6, and ps = 1.0) and promptly moved with a constant velocity Z = (l,O). The 
analytical solution is constituted of three states related by shock and rarefaction waves. Two 
contact discontinuities are linked to boundary faces perpendicular to the motion axis (z-axis). 
Let us denote Nz the number of segments intersecting with the cut line defined by y = 0.5. Two 
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Figure 10. Diesel piston engine: zoom on the Ricardo prechamber and comparison 
of the Mach number: isolines and contour value at -45 CA. 
meshes are used for the computation: the coarse one (Nz = 115) and the fine one (Nz = 243). 
Numerical results, on the cut line y = 0.5, are compared at the time t = 0.5 with the exact 
solution. The more accurate implicit results (Figure 5) are obtained with linearity preserving 
type schemes. As expected, no numerical effects of the wall contact discontinuity are present on 
the pressure and velocity curves (Figure 5). The accuracy obtained with the linearity preserving 
type schemes is balanced by a transgression of the TVD property that we consider controlled 
even when the super bee limiter is used (Figure 5). 
4.3. Diesel Piston Engine 
In this section, we consider the problem of the flow evolution in the combustion chamber of 
a diesel piston engine during the compression phase. The moving boundary of the domain is 
defined by the piston motion. The fluid-structure interaction is neglected so that the boundary 
motion is given by the motion direction Zp is on t and the relative position on this axis dpiston 
l/2 
d piston (t.) - dpiston (0)=-(1+/3-t;) + ;cos(Q) + p2 - % sin2(8) 
> 
and 
Q(t) = 00 + wt. 
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Figure 11. Diesel piston engine: zoom on the Ricardo prechamber and comparison 
of the norm of the velocity: isolines and contour value at -45CA. 
Related to the mechanical notation, 1 is the “squish”, p the connecting rod length (“Conrod”), 
(Y the stroke of the piston, 0 the crank angle (CA), and w the brace rotating velocity. 
The aim is to describe accurately with a robust numerical scheme, the votex developed in 
the prechamber before the fuel injection. This is one of the dominant factors that control the 
homogeniety of the flow at the ignition, and therefore, the performance of the piston engine. 
For this piston engine computation, the underlying unstructured mesh has 11,662 vertices 
and 22,794 triangles. Computations are performed with a linearized implicit scheme, from the 
crank angle of -180 CA to the crank angle of -45 CA, with a constant time step equivalent to 
0.5 CA (crank angle). The convergence criteria of the relaxation process is reached for a residual 
jlfj[ < 10e4. We h ave plotted (Figure 6) the evolution of the number of relaxations required 
for convergence of the linear system, for each time step of the computation. The usual implicit 
scheme is less efficient, due to the conditioning of the linear system (Figure 6). Consequently, 
for LP type schemes, we obtain interesting CPU time, comparatively with the linear preserving 
type schemes (Figure 7). 
The same mesh is used during the computation by relaxing the piston motion in on a part of the 
internal vertex (Figure 8). This process is defined here by a simple contraction function but has 
been extended to complex deformations by using a discrete form of the elasticity equations [18]. 
Moving Meshes 
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Figure 12. Diesel piston engine: zoom on the Ricardo prechamber and comparison 
of the streamlines at -45 CA. 
The Mach number of 0.68 (Figure 9) reached in this Euler computation is in accordance with the 
experimental results performed at renault SA. The Mach profile on the contour and the Mach 
ISO-lines are similar for the different numerical approaches (Figure lo), even if we can observe 
some difference on the flow description in the main chamber and more important difference in the 
Ricardo prechamber. These remarks also hold if we consider the norm of the velocity (Figure 11). 
Note that experimental data (viscous flow) give a velocity of about 270 m/s at this piston position. 
A zoom on the prechamber shows clearly that there is more numerical dissipation in the results 
obtained by the usual linearized implicit scheme if we compare to the linearity preserving type 
schemes (Figure 12). According to the results obtained, the choice of 0 = 1.5, for the preserving 
type schemes, seems to realize a balance between the scheme accuracy and the damping effect 
on spurious waves. 
5. CONCLUSION 
Based on the linearity preservation property, we have proposed a class of implicit schemes 
having low numerical viscosity. L2-stability is performed in a linear analysis and shows that, for 
the stability point of view, it is important to converge the Newton relaxation instead of solving 
a linearized problem, However, linearized schemes have been performed for the numerical test 
cases proposed. Accurate numerical results are obtained for transonic (shock .tube) as well as 
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low Mach number flows (diesel engine). We have proved, numerically, that for large time steps, 
those approximations can be as accurate as some explicit schemes. This approach, developed 
in a moving mesh context, has also been successfully applied for a fixed mesh in the case of 
the Sod shock tube. For a subclass of LP types schemes, numerical results are more accurate 
than the usual implicit scheme and with the parameter 6 = 2, the LP type scheme and the 
linearized implicit scheme differ only by the right-hand side of the linear system used for the 
variables update. Implementing LP type methods is very easy from an implicit linearized code 
and ensures accuracy and efficiency in terms of computational cost. As against this, we cannot 
always guaranty the TVD property unless we are using the most diffusive schemes of the class. 
However, an optimal balance between accuracy and damping of spurious waves is identified 
and confirmed by numerical results for the compressible Euler equations. The methodology we 
have developed provides a way for developing schemes that can run into more accurate implicit 
methods, when the high-order polynomial preservation property is used. Finally, the stencil of 
the linearity preserving schemes is identical to the stencil of usual MUSCL schemes, so there is 
no additional communication for the parallel computing issue. 
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